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Abstract
Rarita-Schwinger (RS) quantum free field is reexamined in the context of de-
formation quantization. It is found out that the subsidiary condition does not
introduce any change either in the Wigner function or in other aspects of the
deformation quantization formalism, in relation to the Dirac field case. This
happens because the vector structure of the RS field imposes constraints on
the space of wave function solutions and not on the operator structure. The
RS propagator was also calculated within this formalism.
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1 Introduction
Deformation quantization (DQ) is nowadays a mathematically well structured and
established procedure. It can be regarded as a deformation of the algebraic structure
of the ring of functions on the phase space. These functions turn into formal series
containing a formal parameter [1, 2] (for some recent reviews, see [3]). However, there
are an amount of cases where the formal parameter is a complex (or real) number and
it describes real quantization of physical systems [2]. Most of the studies of deforma-
tion quantization come from the mathematical point of view [4, 5, 6, 7]. One of the
standard examples of DQ is the Weyl-Wigner-Groenewold-Moyal (WWGM) formalism
[1], which is valid when the phase space is flat and euclidean. Also it requires from
the Schro¨dinger representation of field theory. This is not a standard representation in
quantum field theory and it has been useful when one try to gain some intuition from
energy eigenvalues in a determined field theory. This strategy has been particularly
useful in the deformation quantization of various fields.
Regarding quantum field theory, just a few examples have been considered in the
literature for the case of scalar fields [8, 9, 10, 11, 12]. The free electromagnetic field
and the Dirac field were discussed in [13, 14] respectively. Also some works have been
done in relation to the gravitational field [15] and bosonic string theory [16]. Thus, it is
natural to wonder about fields with higher spins. In particular, in the present paper we
describe the deformation quantization for the Rarita-Schwinger (RS) free field. This
field is of great importance as it describes the gravitino arising in supergravity and
superstrings.
In order to do this we briefly review this free field over Minkowski spacetimeM3+1 =
R
3 × R with the signature (−,−,−,+), where x = (~x, t) ∈ M . The RS field, ψµα(x),
where α is an spinorial index (α = 1, · · · , 4) and µ is a spacetime vector index (µ =
0, 1, 2, 3), transforms under the Lorentz group as (1
2
, 1
2
) ⊗
[
(1
2
, 0) ⊕ (0, 1
2
)
]
= (1
2
, 0) ⊕
(0, 1
2
)⊕ (1, 1
2
)⊕ (1
2
, 1).
Thus, the field ψµ(x) simultaneously fulfills the Dirac equation(
i 6∂ −
mc
~
)
ψµ(~x, t) = 0 (1)
and the subsidiary condition
γµψµ = 0; (2)
where, as usual, γi = βαi, γ0 = β, with i = 1, 2, 3. Note that we use the Weyl (or
chiral) representation of the Dirac matrices γµ:
γ0 =
(
1 0
0 −1
)
, γj =
(
0 σj
−σj 0
)
, (3)
where σj are the Pauli’s matrices and j = 1, 2, 3. The Dirac matrices have the following
properties: γj
†
= −γj , γ0
†
= γ0, γµγν + γνγµ = 2ηµν .
The paper is organized as follows: in Sec. 2 we implement the DQ procedure to
quantize the free RS field and finally, in Sec. 3, we give our final remarks.
2
2 Deformation Quantization of the Rarita-Schwinger
Field
If we want to apply the WWGM formalism to the RS free field, one needs to take
into account not only the Dirac equation (1), but also the subsidiary condition (2).
It was shown in [14] that, for the system described by the Dirac equation (1), the
time independent Schro¨dinger equation can be written as
4∑
r=1
∫
d3pεrE~p
δ
δb(~p, r)
b(~p, r)Φ[b] = EΦ[b], (4)
where the wave functional is defined by Φ[b] = 〈b|Φ〉, E~p =
√
c2~p2 +m2c4, εr = 1 for
r = 1, 2 and εr = −1 for r = 3, 4, b(~p, r) is the eigenvalue of b̂(~p, r) and it is related
to the standard variables br and dr (associated with ψ
µ(~x, t)), as follows
b(~p, t, r) = (2π~)−3/2
√
mc2
E~p
br(~p, t), with r = 1, 2,
and
b(~p, t, r) = (2π~)−3/2
√
mc2
E~p
d∗r−2(−~p, t), with r = 3, 4.
Remember that b∗ is determined by the complex conjugate of these equations.
Similarly, we can write the subsidiary condition in the form
4∑
r=1
∫
d3p
(2π~)3/2
√
mc2
E~p
b̂(~p, r)γµwµ(~p, r) exp
(
i~p · ~x/~
)
Φ[b] = 0, (5)
where wµ(~p, r) is a solution of the RS equation.
Writing down the equations (4) and (5) in the WMGM formalism, we have:
4∑
r=1
∫
d3pεrE~pb
∗(~p, r)b(~p, r) ⋆ ρW [b
∗,b] = EρW [b
∗,b], (6)
and
4∑
r=1
∫
d3p
(2π~)3/2
√
mc2
E~p
b(~p, r)γµwµ(~p, r) exp
(
i~p · ~x/~
)
⋆ ρW [b
∗,b] = 0. (7)
For the ground state, the Dirac equation (6) is equivalent to
b(~p, r = 1, 2) ⋆ ρW 0[b
∗,b] = 0, b∗(~p, r = 3, 4) ⋆ ρW 0[b
∗,b] = 0, (8)
whose solution (including the normalization factor) is given by (see ref. [14]):
ρW 0[b
∗,b] = 2−∞ exp
{
− 2
∫
d3p
4∑
r=1
εrb
∗(~p, r)b(~p, r)
}
. (9)
3
Here we took into account the expression for the Moyal ⋆-product(
F ⋆ G
)
[b∗,b] = F [b∗,b] exp
(
i~
2
↔
PRS
)
G[b∗,b], (10)
where F [b∗,b] and G[b∗,b] are functionals over the RS phase space defined by: ZRS =
{(πψ
µ
α(~x), ψ
µ
α(~x))~x∈R3} = {(i~b
∗(~p, r), (b(~p, r))r=1,··· ,4} and
↔
PRS := −
i
~
4∑
r=1
∫
d3p
( ←
δ
δb(~p, r)
→
δ
δb∗(~p, r)
+
←
δ
δb∗(~p, r)
→
δ
δb(~p, r)
)
. (11)
As γµwµ(~p, r) = 0, equation (7) does not impose new restrictions on b(~p, r) or
b∗(~p, r). That is the reason why there are no changes in the Wigner function due to
the consideration of the subsidiary condition.
The Winger functionals for excited states can be constructed, as in [14], in the
following form
ρW [b
∗,b] = b∗(~p1, r1) · · ·b
∗(~pn, rn)b(−~p1′ , r1′) · · ·b(−~pn′ , rn′) ⋆ ρW 0
⋆ b∗(−~pn′ , rn′) · · ·b
∗(−~p1′ , r1′)b(~pn, rn) · · ·b(~p1, r1). (12)
From this last formula one can find the Wigner functional for any excited state, which
will be also identical to the Dirac case.
The other aspects of the WWGM, such as: the Stratonovich-Weyl quantizer and
normal ordering are also the same as for the Dirac case. However, the propagator
depending on the wave functions that contains the information about the solutions of
positive and negative energy of the RS equation, would be different. In the next section
we compute it using the WWGM formalism.
2.1 Rarita-Schwinger Propagator
In order to compute the propagator of the RS field we need to find
iSF (x− y) = 〈0|ψ̂µα(x)ψ̂
µ
β(y)|0〉 · θ(t− t
′)− 〈0|ψ̂µβ(y)ψ̂
µ
α(x)|0〉 · θ(t
′ − t). (13)
So we first compute the quantities 〈0|ψ̂µα(x)ψ̂
µ
β(y)|0〉 and 〈0|ψ̂
µ
β(y)ψ
µ
α(x)|0〉. In
terms of deformation quantization these expectation values are given by (compare
with [14])
〈0|ψ̂µα(x)ψ̂
µ
β(y)|0〉 =
∫ ∏
db∗db ψµα(x) ⋆ ψ
µ
β(y) ρW0[b
∗,b]∫ ∏
db∗db ρW0[b
∗,b]
, (14)
and the analogous formula for the second expectation value.
Carrying out the corresponding integrations and making use of the following rela-
tions (see ref. [17]):
2∑
r=1
wµα(~p, r)w
µ
β(~p, r) =
( 6p+mc)
2mc
[δαβ −
1
3
γαγβ −
1
3mc
(γαpβ − γβpα)−
2
3m2c2
pαpβ],(15)
4∑
r=3
wµα(~p, r)w
µ
β(~p, r) =
( 6p−mc)
2mc
[δαβ −
1
3
γαγβ +
1
3mc
(γαpβ − γβpα)−
2
3m2c2
pαpβ],(16)
4
after straightforward calculations we arrive at the following results
〈0|ψ̂µα(x)ψ̂
µ
β(y)|0〉 =
∫
d3p
(2π~)3
c( 6p+mc)
2E~p
[δαβ −
1
3
γαγβ −
1
3mc
(γαpβ − γβpα)
−
2
3m2c2
pαpβ] exp
(
− ip · (x− y)/~
)
; (17)
and
〈0|ψ̂
µ
β(y)ψ̂
µ
α(x)|0〉 =
∫
d3p
(2π~)3
c( 6p−mc)
2E~p
[δαβ −
1
3
γαγβ +
1
3mc
(γαpβ − γβpα)
−
2
3m2c2
pαpβ] exp
(
ip · (x− y)/~
)
, (18)
where p ·x = ηµνpµxν . The above formulas reproduce exactly the propagator of the RS
field.
3 Concluding Remarks
In this paper we have extended the deformation quantization program via the
WWGM formalism from Dirac to RS free field. We found out that the subsidiary
equation does not introduce any change in the Wigner function of the Dirac field.
For that reason, our main result is that the subsidiary condition does not affect the
quantization of this field. Consequently, the quantum states are the same as those
for the Dirac case. The difference appears only at the level of the space of the wave
functions which are solutions of the equation of motion (1) and the subsidiary condi-
tion (2). Then, although the quantum states are the same, the propagator and also
the scattering amplitudes, both determined by the dynamics of the theory, are very
different.
It is interesting to note that something similar happens with the CPT group of the
Rarita-Schwinger field in relation to the CPT group of the Dirac field: both fermionic
fields have the same CPT group [18].
In the case of deformation quantization as well as in the case of the CPT group,
there is no a priori reason to think that the results for the Dirac field and for the
Rarita-Schwinger field must be coinciding. Both results show that these two fields
share similar properties despite their different nature.
Making a comparison for the spin 3/2 field between the procedures of deformation
quantization and canonical quantization, we can find out that the latter becomes rather
awkward due to the difficulty of isolating the independent dynamical degrees of freedom
[17]; while in the first case this problem is avoided because DQ does not distinguish
between Dirac and Rarita-Schwinger fields.
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